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Notes

Relationship between the Rotational Isomeric
State and Wormlike Chain Models

MARC L. MANSFIELD

Department of Chemistry, Colorado State University,
Fort Collins, Colorado 80523. Received June 8, 1981

Some interest has been shown in relating the Kratky-
Porod wormlike chain model? to the rotational isomeric
state (RIS) model® or to real polymer molecules in solution.
Maeda, Saitd, and Stockmayer! demonstrated that a re-
lationship existed between RIS and wormlike chains. They
defined a “shift factor” f, given by n = fL/2a for n, the
number of bonds of the RIS chain, and L and a, the con-
tour length and persistence length, respectively, of the
wormlike chain. They showed that for appropriate values
of f, one could obtain very good agreement between both
the second and fourth moments of the end-to-end vector
of a number of sufficiently long RIS and wormlike chains.
However, they were unable to give general rules for com-
puting f and resorted finally to curve fitting. Along a
somewhat different line, Yamakawa and co-workers®® have
compared wormlike chains to real chain molecules in so-
lution and presented rules for determining the shift factor
from various experimental properties. Recently, good
agreement has been demonstrated® between certain RIS
and wormlike star molecules. Mattice!® examined a num-
ber of star molecules, finding many for which such
agreement was lacking, and concluded that agreement was
usually obtained for stars of large characteristic ratio. In
this note, we give precise rules for the selection of the shift
factor of Maeda et al.* for agreement between the second
moments of wormlike and RIS chains. As has been rec-
ognized,*1? a good understanding of the relationship be-
tween the two models is desirable because of the relative
simplicity of the wormlike model.

Two-bond correlations in a long RIS chain with all bonds
identical can be written (cf. eq IV.16 of ref 3)

(L;+l;4;) = BZ'LM/R (1)
where L, R, and M are row, column, and square matrices,
respectively, given by

L = J*UX(E, @ I (2)

M = (U ® Ey)|T| 3)
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R = (E, ® Hurs-iJ 4)

where 1 = 1/ and all other notation follows ref 3. We set
1 « i <1+ j <« nsothat the dominant eigenvalue, A, of
U determines the partition function, Z:?

Z= Flkln—Z (5)

where T'; is defined in ref 3.
Let A be the diagonalizing similarity transformation of
M. (A'MA is diagonal with elements m,.) Then

(li 'li+j) = l2Z'IZQ#m”f (6)
®

where

Qu = ZL«eruAup_lRp (M
ap

Because we have assumed that 1 « iand i + j « n, all
of the i and j dependence in L and R appears in the factors
A% and A"/, respectively, so the i and j dependence of
Q, can be expressed as

Q, = N\ )]
Then
(L;-)iy;) = P K, 0] 9
m

for K, = I1,/T; and o, = m,/A;. The corresponding ex-
pression for a wormlike chain of persistence length a is?

(u(s)uls”)) = exp(-|s’ - s"/a) (10)

for u(s) the unit vector tangent to the wormlike curve at
the contour distance s. On the basis of the above, there-
fore, a sufficient condition for good agreement between the
two models is the following:

(1) One of the K, is dominant, and (11a)
(2) the associated «, is near 1 (11b)

Condition 11a ensures that a single exponential will dom-
inate in eq 9 and condition 11b ensures that 3 o = Sfdx
exp(x In a,). Although condition 11 will certainly lead to
good agreement between the two models, we actually find
that agreement is more general.

The second moment of a wormlike chain of contour
length L is given by??
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(R?) = 2aL - 2a%(1 - e7L/9) (12)
or in the first Daniels approximation!! (appropriate for
el « 1)

(R?%) = 2aL - 2a? (13)

As we shall see, RIS chains also give “first Daniels
approximations” for which

(R?) = nl2C,, - 2DI? (14)

for D a factor dependent on the particular RIS chain but

independent of n or l. Exact agreement between eq 13 and
14 is obtained by setting

a = DY?] (15)
and
L = %C.DVpl (16)
The shift factor? is given by
f=4D/C, (a7

We conclude that good agreement may be obtained in the
first Daniels approximation whenever D > 0, consistent
with the observation of Mattice.!’ Condition 11 is a suf-
ficient condition for agreement beyond the Daniels limit.

Several examples will illuminate the above arguments.

The Freely Rotating Chain
For this chain we have®

(Lliz) = Ba® = P exp(k In ) (18)
and
2y = 1+_a) 2 _ 2(1—0‘”)
(RY) (1_a it -2l (19)

for a = cos # and for 6 the supplement of the bond angle.
In this case, the “first Daniels approximation” results when

"« 1
B = (%—L‘g)"l2 ] (12i¥ i)z 20
8o just as in eq 15-17
a=al/%(1-a) @n
L =% + a)aV/?nl 22)
and
f=4a/[1+ o)l -0a)] (23)

N(ite that for @ = 1/4, f = 3/, as determined by Maeda et
al.

The freely rotating chain provides an example of con-
dition 11 leading to agreement beyond the Daniels ap-
proximation. There is, of course, only one K,, and when
a = 1, the parameters chosen to force agreement within
the Daniels limit, eq 21 and 22, agree well with the pa-
rameters that one would naturally choose in going to a
continuous limit: a = —(In @)"/ and L = nl. (This may
be seen by expanding in powers of 1 — a.)

Independently Rotating Chains with Symmetric
Bond Rotational Potentials

In this case eq 9 holds, with two eigenvalues being im-
portant.? We have (ref 3, eq 1.53)

1+ « 1419 an + A\
2y = 2 _ 2
(R (l—a)(l—n)nl (7\1—)\2)})11+

an+ )\2
AL Ag

Pyl (24)
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with
P, = 201 - (1 - A2 (25)

The “Daniels approximation” in this case is A" « 1
(convergence requires [\, < 1), or

P, =20, (1 - A2 (26)

which is similar in form to the last term of eq 20. Then,
to obtain appropriate values of ¢ and L we employ

D=
[(am + AIAa(1 = X9) 2 ~ (am + A)A(1 = A2\, - >22)';
27

Co=(1+a)1+m1-a)d-n" (28)
and eq 15 and 16.

RIS Chains
In this case we have!?

(R?) = Con{l?) -2 3 m,T(B,* ® Eg)(Es, - S,9) X
uo=1
(E;, -~ 8,)7R,,(A, ® Ey)ym, (29)

an expression very similar in form to eq 19 or eq 24. Here
the summation is over different types of bonds in a repeat
unit, s is the number of bonds in a repeat unit, and x =
n/s is the number of repeat units. All notation is given
inref 12 or 13. Whens =1, 8, = M/, for M given in eq
3 so the eigenvalues of S, are just the «, of eq 9. In the
RIS case, the “Daniels approximation™ is §,* ~ 0. Con-
vergence requires S,* — 0 with x. On this basis we can
expect agreement between the two types of chains when-
ever D in eq 14 is positive and whenever o « 1 for « the
largest of all the eigenvalues of each S, in eq 27. Since
S.*— 0, |of < 1 always, and o~ will converge rapidly except
when |a| ~ 1. Agreement at lower values of x will be
fortuitous or result when condition 11 is satisfied.

Useful expressions for C,, and D may be determined
from the work of Matsuo!®!3

C. =
1+ (2l?) 2 m (B* ® E)(E;, - S)'R,,(A, ® Ejm,
8 po=1
(30)
b= S(ll.2> Zlm#T(BM* ® E3)(E3v - Su)_zRuo‘(A“ ® Eg)m,
wo=
(31)

These equations involve the single eigenvalue expression
for Z,1213 eq 5, and so are not accurate for short chains but
will be adequate in most cases within the Daniels ap-
proximation,

We have not attempted similar comparisons for fourth
moments or for star molecules but expect very similar
results. One should not expect the shift factors applicable
in these cases to agree with those for the second moments.
In fact, shift factors different from the ones calculated for
second moments have been observed for both fourth mo-
ments* and star molecules.’

The only important difference between eq 30 and 31 is
the exponent of the Eg, - S, term. It may be that the signs
of the two terms are correlated, so that C., < 1 implies an
increased probability that D < 0, This would agree with
the statement of Mattice!® that chains with small C.
cannot be made to agree with a wormlike chain.

In conclusion, we see that the equations for the second
moment of wormlike and RIS chains both contain two
terms. The first is the C.. term proportional to L or n (the
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first term in each of eq 12, 19, 24, and 29). The second
is independent of L or n except for factors such as 1 — eL/9,
1 - a", or E — 8%, which may be neglected in all but short
chains. This common mathematical structure leads to the
similarity of the two models. Therefore, eq 12-14 provide
excellent approximations to RIS chains within the Daniels
approximation. Once C, and D are determined, by eq 30
and 31 for example, they will provide simple expressions
for (R?) for all but short chains.

Yamakawa and co-workers'4?® have developed the so-
called helical wormlike model, and they have been suc-
cessful in demonstrating agreement between their model
and with both polymer molecules in solution!®##% and RIS
chains, 1416192 Agreement with RIS chains was seen both
beyond the Daniels approximation and with D < 0, Al-
though we have not studied the problem, it is probable that
the additional adjustable parameters available in the
helical wormlike chain model account for its improved
ability to match RIS behavior.
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Introduction

Ionomers are defined as polymers with nonpolar back-
bones containing up to 10 mol % salt group substituents,
either present as pendant groups or directly incorporated
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Table I
Mole Percent of Carboxylic Group and Degree
of Ionization of Ethylene-Methacrylic Acid Copolymer
and Its Salts

degree of
acid mol % ionization,
orsalt  carboxylic group %
acid 2.3
Na 4.0 50.7
K 6.1 69.9
acid 6.1

into the main chain. It has been well established that the
mechanical properties of these polymers, such as modulus,
tensile strength, and melt elasticity, are significantly af-
fected by the presence of these salt group substituents.!?
It is generally accepted that ionomers are phase separated
and that the driving force for this phase separation is
electrostatic in nature. Information obtained by electron
microscopy, small-angle X-ray measurements, and infrared
spectroscopy has led to the proposal of several morpho-
logical models.>® However, each model differs consider-
ably in its description of the nature and size of the
phase-separated ionic domains. Therefore, additional
characterization methods are still needed.

Recently, a number of low-frequency vibrational spec-
troscopic analyses showing spectroscopic features sensitive
to the concentration and chemical nature of salt groups
present have been carried out.” % In contrast to pure
modes, such as CH, and C=0 stretching modes, vibra-
tional bands in the low-frequency region are delocalized
in nature; i.e., they involve a number of atoms. The
positions and shapes of such bands are conformationally
dependent and may also be quite sensitive to both the
specificity and magnitude of intermolecular interactions.
However, because of their complex nature, band assign-
ments in this region are often unclear.

Ethylene-methacrylic acid copolymer and its salts have
been studied in the past.’*!! The structure of this polymer
involves a number of phases. They are (1) the lamellar
structure involving crystalline polyethylene, (2) the
amorphous phase of polyethylene, and (3) the ionic do-
mains. We have carried out a Raman spectroscopic study
of this ionomer. Our preliminary results are reported here.

Experimental Section
Ethylene-methacrylic acid copolymer (1) and salts were sup-

CHz
(CH2CH2),(CH2C)py

COOH

1

plied by du Pont. The neutralization of the copolymer containing
6.1 mol % methacrylic acid was accomplished in dilute xylene
solution by the addition of freshly prepared potassium methoxide.
Copolymer compositions are collected in Table I. These samples
were dried under vacuum for several days and then used for
Raman spectroscopy.

The degree of neutralization of the ethylene—methacrylic acid
ionomers used was estimated from the ratio of the intensity of
the C=0 stretching vibration associated with the carboxyl group
(1700 cm™) to that of the asymmetric vibration of the carboxylate
ion (1560 cm™). The values (Table I) obtained for our samples
are in the same range found previously.!}12

Raman spectra were obtained with a computer-controlled Jo-
bin-Yvon HG.2S laser Raman spectrometer, which offers the
advantage of having extremely high discrimination against
Rayleigh scattering, yielding high signal-to-noise ratios in the
low-frequency region. However, the Raman spectra were usually
difficult to obtain because of the high fluorescence background

© 1981 American Chemical Society



